Abstract Continuing work initiated in an earlier publication [Yamada, Tsuchiya, and Asada, Phys. Rev. D 91, 124016 (2015)], we reexamine the linear stability of the triangular solution in the relativistic three-body problem for general masses by the standard linear algebraic analysis. In this paper, we start with the EinsteinInfeld-Hoffman form of equations of motion for N -body systems in the uniformly rotating frame. As an extension of the previous work, we consider general perturbations to the equilibrium, i.e. we take account of perturbations orthogonal to the orbital plane, as well as perturbations lying on it. It is found that the orthogonal perturbations depend on each other by the first post-Newtonian (1PN) three-body interactions, though these are independent of the lying ones likewise the Newtonian case. We also show that the orthogonal perturbations do not affect the condition of stability. This is because these always precess with two frequency modes; the same with the orbital frequency and the slightly different one by the 1PN effect. The same condition of stability with the previous one, which is valid even for the general perturbations, is obtained from the lying perturbations.
astrophysical sources is inspiraling and merging binary compact stars. In fact, the two events of Advanced LIGO fit well with binary black hole mergers (Abbott et al, 2016a (Abbott et al, ,b,c, 2017 .
With growing interest, gravitational waves involving three-body interactions have been discussed (e.g., (Chiba et al, 2007; Galaviz and Brügmann, 2011; Seto, 2012; Dmitrašinović et al, 2014; Meiron et al, 2017) ). Even in Newtonian gravity, the three-body problem is not integrable by analytical methods. As particular solutions, however, Euler and Lagrange found a collinear solution and an equilateral triangular one, respectively. The solutions to the restricted three-body problem, where one of the three bodies is a test particle, are known as Lagrangian points (Goldstein, 1980; Danby, 1988; Marchal, 1990) . In particular, Lagrange's equilateral triangular orbit has stimulated renewed interest for relativistic astrophysics (Torigoe et al, 2009; Asada, 2009; Seto and Muto, 2010; Schnittman, 2010; Ichita et al, 2011; Yamada and Asada, 2012b; Yamada et al, 2015; Battista et al, 2015; Yamada and Asada, 2016) . Recently, a relativistic hierarchical triple system has been discovered for the first time (Ransom et al, 2014) , and dynamics of such systems has also been studied by several authors (Blaes et al, 2002; Miller and Hamilton, 2002; Wen, 2003; Thompson, 2011; Yamada and Asada, 2012a; Seto, 2013) .
For three finite masses, in the first post-Newtonian (1PN) approximation, the existence and uniqueness of a post-Newtonian (PN) collinear solution corresponding to Euler's one have been shown by Yamada and Asada Asada, 2010, 2011) . Also, Ichita et al., including one of the present authors, have shown that an equilateral triangular solution is possible at the 1PN order, if and only if all the three masses are equal (Ichita et al, 2011) . Generalizing this earlier work, Yamada and Asada have found a PN triangular equilibrium solution for general masses with 1PN corrections to each side length (Yamada and Asada, 2012b) . This PN triangular configuration for general masses is not always equilateral and it recovers the previous results for the restricted three-body case (Krefetz, 1967; Maindl, 1996) .
In Newtonian gravity, Gascheau proved that Lagrange's equilateral triangular configuration for circular motion is stable (Gascheau, 1843) , if
where M is the total mass. Routh extended the result to a general law of gravitation ∝ 1/r k , and found the condition for stability as (Routh, 1875) 
The condition of stability (1) has recently been corrected in the 1PN approximation as (Yamada et al, 2015) m 1 m 2 + m 2 m 3 + m 3 m 1 M 2 + 15 2
where we define
with the common orbital frequency ω of the system. To derive the condition (3), only the perturbations in the orbital plane are taken into account in the previous paper (Yamada et al, 2015) . In Newtonian gravity, it is reasonable because the perturbations orthogonal to the orbital plane always oscillate with the orbital frequency. However, it is not obvious whether this is the case at the 1PN order. Therefore, the main purpose of the present paper is to take account of the perturbations orthogonal to the orbital plane, as well as those lying on it, in order to show that the perturbations orthogonal to the orbital plane always oscillate even at the 1PN order and they do not affect the condition of stability. We also derive the condition of stability from the motion of lying perturbations by the standard linear algebraic analysis. This paper is organized as follows. In Sec. 2, we briefly summarize the PN triangular equilibrium solution for three finite masses in the corotating frame. The Perturbations orthogonal to the orbital plane are discussed in Sec. 3. In Sec. 4, we consider the perturbations lying on the orbital plane in order to derive the condition of stability. Section 5 is devoted to the conclusion.
2 The PN triangular equilibrium solution in the corotating frame Following Ref. (Yamada and Asada, 2012b) , we summarize a derivation of PN triangular equilibrium solution for general masses in this section. In order to take account of the terms at the 1PN order, we employ the Einstein-Infeld-Hoffman (EIH) form of the equations of motion for N -body systems in uniformly rotating frame (please see Appendix A for the derivation):
body in the rotating frame, respectively, Ω is a uniform angular velocity of the coordinate respect to an inertial frame, and we define
r AK ≡ |r AK |,
In the following, we assume circular motion of bodies. Let us consider a PN triangular configuration with 1PN corrections to each side length of a Newtonian equilateral triangle, so that the distances between the bodies are expressed
where I, J = 1, 2, 3 and ρ IJ (= ρ JI ) are dimensionless PN corrections (see Fig. 1 ). Because of circular motion, ℓ and ρ IJ are constants. Note that we neglect the terms of second (and higher) order in ε henceforth. Here, if all the three corrections are equal (i.e. ρ 12 = ρ 23 = ρ 31 = ρ), a PN configuration is still an equilateral triangle, though each side length is changed by a scale transformation as ℓ → ℓ(1 + ρ). Namely, one of the degrees of freedom for the PN corrections corresponds to a scale transformation, and this is unimportant. In order to eliminate this degree of freedom, we impose a constraint condition
which means that the arithmetical mean of the three distances of the bodies is not changed by the PN corrections. Namely,
Please see also Ref. (Yamada and Asada, 2012b) for imposing this constraint. The PN triangular solution for general masses is a coplanar equilibrium, in which three bodies rest in Eq. (5), therefore
where we take the origin of the coordinate as the center of mass. Straightforward calculations lead to
with ν I ≡ m I /M . In this case, the common orbital frequency is given by
where
with V ≡ ν 1 ν 2 + ν 2 ν 3 + ν 3 ν 1 . V = 0 means two of the three masses are zero, thus we consider the case of V = 0 in this paper. Hereafter, we take the units of G = c = 1. Before closing this section, let us denote perturbations to the positions as
and define the relative perturbations as
with
where z ≡ Ω/Ω and y IJ ≡ z × x IJ . Obviously, we can obtain
at the 1PN order. By the definition of δr IJ (22), we obtain
Note that since all degrees of freedom of perturbations are incorporated, the orbital energy and angular momentum of the system are no longer conservative. As we can see below, regarding the change of the orbital energy and angular momentum, the size and orbital frequency of the triangle, indeed, can be changed.
Orthogonal perturbations
In this section, we focus on the perturbations orthogonal to the orbital plane. The z-direction of perturbed equations of motion is expressed as
where the dot denotes the derivatives with respect to time. Immediately, one can find that the orthogonal perturbations are independent of the lying ones. Therefore, we can study whether a conditions of stability for z-direction exists or not, separately from the condition for ξ IJ and η IJ .
In fact, one can infer from Eq. (5) that the z-direction of perturbed equations of motion is separated from ξ IJ and η IJ . This is because the contributions to the z-direction must come from the terms parallel to Ω except for δr itself. Therefore, if ξ IJ and η IJ contribute to the z-direction, the terms of the form (δr · r)Ω must appear. However, in Eq. (5), the terms parallel to Ω is only of the form (Ω · r)Ω.
Moreover, we can separate motion of the common center of mass from that of the relative perturbations. The z-direction of equations of motion for the common center of mass is straightforwardly calculated from Eq. (26), and this becomes
Note that although the position of the PN center of mass is different from that of the Newtonian one in general, we can use the same expressions for the orthogonal perturbations in the PN triangular equilibrium. Therefore, the common center of mass is always in uniform linear motion for z-direction, and then, this do not affect the condition of stability. From Eq. (25), we can find a relation for the relative perturbations of zdirection as
Therefore, the degrees of freedom of ζ IJ is two. Let us eliminate ζ 23 by using this relation, so that the perturbed equations of motion for z-direction can be expressed as
where ζ ≡ (Dζ 12 , Dζ 31 , ζ 12 , ζ 31 ) with D ≡ d/ω N dt and
The eigenvalues of the matrix M are
Since ε ≪ 1, each λ is always purely imaginary. Note that neglecting the higher order in ε for the eigenequation leads to incorrect eigenvalues, because the eigenvalues are degenerate in the Newtonian limit. Therefore, we neglect the higher order after solving the eigenequation. Since all the eigenvalues are different from each other, there is a regular matrix P such that P −1 MP = diag(λ 1 , λ 2 , λ 3 , λ 4 ). Therefore, Eq. (29) can be rewritten as
whereζ ≡ P −1 ζ. We can solve the above equation forζ aŝ
whereζ 0 is the initial value. Thus, the perturbations ζ can be expressed by using the trigonometric functions, and hence ζ IJ always oscillate with two frequency modes; (1 +ω PN ) and (1 +ω X ). Therefore, the PN triangular equilibrium is stable for the perturbations orthogonal to the orbital plane likewise the Newtonian case.
It is worthwhile to mention that in contrast to the Newtonian case ζ IJ has the mode (1 +ω X ), which is different from the orbital frequency. This might induce resonant orbits in the nonlinear analysis (Murray and Dermott, 1999) .
Lying perturbations
Next, we consider the perturbations in the orbital plane. For these perturbations, the motion of the center of mass is slightly complicated. This is because the PN corrections to the position of the center of mass is not canceled for these perturbations. However, the motion of the center of mass is not important to consider the stability of the PN triangular configuration. Hence, we focus on the relative perturbations ξ IJ and η IJ in this paper. By separating the motion for the center of mass, it is sufficient to discuss the remaining four degrees of freedom for ξ IJ and η IJ . For the relative perturbations in the orbital plane, it is convenient to use Routh's variables χ 12 , X, ψ 23 , and σ, in which we consider the relative perturbations to r 1 and r 3 with fixed r 2 . Here, χ 12 and σ correspond to the scale transformation of the triangle and the change of the angle of the system to a reference direction, respectively. On the other hand, X and ψ 23 are the degrees of freedom of a shape change from the equilateral triangle. Figure 2 shows the perturbations using Routh's variables. By the linear transformations as (please see also Appendix B)
we obtain the equations of motion as 
These are equivalent to Eqs. (25)- (28) in Ref. (Yamada et al, 2015) . Note that the above equations do not contain σ. This is consistent with the fact that the initial value of σ can be zero through the appropriate coordinate rotation. The above equations can be rewritten as
where χ = (Dχ 12 , DX, Dψ 23 , Dσ, χ 12 , X, ψ 23 ) and the components of the coefficient matrix N are explicitly written in Appendix C.
In order to obtain the eigenvalues λ of the matrix N , let us consider the eigenequation for the matrix N . This is expressed as
and we define τ = λ 2 and
with W ≡ ν 1 ν 2 ν 3 . For the cubic equation f (τ ) = 0, we obtain
where ∆ denotes the discriminant of Eq.(45). In general, f (τ ) = 0 does not have zero root since E = 0. On the other hand, if τ > 0, f (τ ) = 0 because of ε ≪ 1. Therefore, f (τ ) = 0 does not have positive real roots. In addition, if f (τ ) = 0 has roots of complex numbers, the matrix N has complex eigenvalues which are non-zero real parts. Thus, if ∆ < 0, all of the roots of f (τ ) = 0 are negative real numbers. These can be expressed as (Yamada et al, 2015 )
One can show that the condition ∆ < 0 is equivalent to b 2 − 4c > 0 by straightforward calculations. It is the necessary condition for a stable system that all of the roots of f (τ ) = 0 are negative real numbers. Namely, b 2 − 4c > 0 or equivalently at the 1PN order (Yamada et al, 2015) 1
This is nothing but Eq. (3). As a result, the eigenvalues of the matrix N are one zero value and six purely imaginary numbers, namely
One can find that there is a regular matrix Q, such that Q −1 N Q becomes a diagonalized matrix. Therefore, Eq. (43) is rewritten as
whereχ = Q −1 χ. The solution of Eq.(56) can be expressed as
and equivalently,
whereχ 0 = Q −1 χ 0 and χ 0 is the initial value. Therefore, we can solve the motion of the perturbations as 
where C 40 is an integrate constant and the all others of C ij are the constant value determined by the initial condition χ 0 . Note that since the number of the degrees of freedom of χ 0 is seven, each C ij depends on others through the eigenvectors. Especially, it is worthwhile to mention that C 41 depends on C 11 consistent with Eqs. (18)- (20) (Please see also Appendix D). Therefore, while σ includes the term which is linear in time t, this term does not affect the change of the shape of the PN triangle, but gives only the change of the orbital frequency of the system regarding the scale transformation C 11 . Moreover, the solutions χ 12 , X and ψ 23 give the oscillation around the PN triangular equilibrium since there are only the terms, which are the forms as e tλ with a purely imaginary number λ. Therefore, the system is stable if and only if the condition (54) is satisfied.
Conclusion
We reexamined the linear stability of the PN triangular solution for general masses by taking account of perturbations orthogonal to the orbital plane, as well as perturbations lying on it.
We found that the orthogonal perturbations depend on each other by the first post-Newtonian (1PN) three-body interactions, though these are independent of the lying ones likewise the Newtonian case. We also showed that the orthogonal perturbations do not affect the condition of stability. This is because these always precess with two frequency modes; the same with the orbital frequency and the slightly different one, which is caused by the 1PN effect and derived for the first time. The existence of the second frequency mode may induce resonant orbits in nonlinear analysis. This is left as a future work. The same condition of stability, which is valid even for the general perturbations, was obtained from the lying perturbations.
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A Derivation of EIH equations of motion in uniformly rotating frame
The EIH equation of motion for N -body systems is give by (Misner et al, 1973; Landau and Lifshitz, 1962; Will, 1993; Asada et al, 2011) 
where r I , v I , m I are the position, the velocity, and the mass of I-th particle, respectively.
For the above equation, we consider the linear transformation of the function t. In general, a linear transformation from R n to R n is given by
where r, r ′ ∈ R n , R is an n × n matrix. If R is a one to one and onto mappings, the linear mapping of the first order and second order time derivatives of r are calculated as
where S ≡ −(dR)/(dt)R −1 .
If R is a rotation matrix, R is the orthogonal matrix and the determinant of R is 1. Therefore, the transposition of R is consistent with the inverse of R, namely t R = R −1 , and S becomes skew-symmetric. Thus, for three dimensional transformation, we can set S as
then for all vector v ∈ R 3 , it is satisfied the relation such as Sv = Ω × v, where Ω = (w 1 , w 2 , w 3 ).
The EIH equation in a uniformly rotating frame of constant angular velocity Ω can be expressed as
with using the relations such as
and we set Ω ≡ |Ω|
B Transformation to Routh's variables
Eliminating ξ 23 and η 23 from Eq. (25), the perturbed equations of motion for ξ 12 , η 12 , ξ 31 , 
Let us seek the relations between (ξ IJ , η IJ ) and Routh's variables. First, since χ 12 is a perturbation to r 12 , we obtain the relation as
Therefore,
In the same way, we obtain the relation for X as
Next, let us define the projection of vectors onto the orbital plane as
Using this, σ is expressed as a perturbation to the angle betweenr 12 andr 12 +δr 12 , and then, sin σ = r 12 × (r 12 +δr 12 )
Solving this for σ to the 1PN order, we obtain
Finally, since ψ 23 is a perturbation in the opposite angle of r 23 , we obtain cos π 3 + √ 3ρ 23 + ψ 23 = − (r 31 +δr 31 ) · (r 12 +δr 12 ) r 31 r 12 (1 + ξ 31 )(1 + ξ 12 ) .
This leads to
at the 1PN order. Using these relations, we obtain the perturbed equations of motion (39)- (42).
C The components of the coefficient matrix of the perturbation equation
The components of the coefficient matrix N in Eq. (43) are written as 
D Relation between perturbations to size and orbital frequency Equation (59) can be rewritten as
where E i is a 7 × 7 matrix with the components as E i = 1 (for the ii-component), 0 (for the others).
The regular matrix Q is given by
where va are the eigenvectors corresponding to the eigenvalues λa, and v is the eigenvector corresponding to the zero eigenvalue. Therefore, we have 
and Eq. (110) 
where c = (c 1 , c 2 , · · · , c 7 ) ≡ Q −1 χ 0 . By setting the coefficients as 
c 7 v 3− ≡ (· · · , C 47 , C 17 , C 27 , C 37 ),
we obtain the solution of Eq. (60). In order to consider C 41 , which corresponds to the unique secular term, therefore, let us focus on the zero eigenvector v. By the definition of the zero eigenvector, we have the equation as
By the straightforward calculations, we obtain the equations for the components of v as c 1 v = (0, 0, 0, C 41 , C 11 , C 21 , C 31 ),
C 31 = − √ 3 24 −10ν 2 1 + 5ν 2 2 + 5ν 2 3 + 4ν 2 ν 3 − 2ν 1 ν 2 − 2ν 1 ν 3 εC 11 ,
Therefore, C 41 is not independent of C 11 , and hence the change of the size corresponding to C 11 leads to the change of the orbital frequency C 41 regarding the energy and angular momentum changes. In fact, Eq. (126) can be derived from Eqs. (18)- (20). Let us consider a perturbation ℓ → ℓ(1 + x) in Eq. (19). This leads to the perturbation to ε as
at the leading order. Therefore, the orbital frequency is perturbed as
Replacing x → C 11 in the last term, we obtain the perturbations to the orbital frequency equivalent to Eq. (126). Perturbations in the orbital plane with Routh's variables, in which we consider the relative perturbations to r 1 and r 3 with fixed r 2 .δr 12 andδr 31 are the projected vector onto the plane. χ 12 and σ correspond to the scale transformation of the triangle and the change of the angle of the system to a reference direction, respectively. On the other hand, X and ψ 23 are the degrees of freedom of a shape change from the equilateral triangle.
